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1. INTRODUCTION 
Let A be the Laplace-Beltrami operator on S” with respect to the usual 
Riemannian metric. The Schrodinger operators A + q, q E P(S”), possess a 
family of spectral invariants, the so-called band invariants. These are 
compactly supported distributions on the real line, p,, I = 0, 1, 2,..., which 
describe the asymptotic distribution of eigenvalues in the kth “band” of the 
spectrum of A + q (see [WI, [G2] and Section 8). The present paper is the 
result of an effort to compute these invariants. A formula for /3, has been 
known for a long time, but no nonzero higher invariants were known. 
In this paper we develop a global, intrinsic symbol calculus for the ring, 
%?‘, of pseudodifferential operators on 5”’ which commute with the Laplacian. 
The construction was inspired by some papers by F. A. Berezin on quan- 
tization [B2], [B.3]. To every Q E q’, we associate a symbol, 
u: P x L + -+ C, where 4 is the symplectic manifold obtained by reducing 
T*S” with respect to geodesic flow. The symbol, (~(a, k), has a nice 
asymptotic expansion in decreasing powers of k as k T co, which determines 
Q modulo smoothing operators. Furthermore, u contains spectral infor- 
mation of Q (see Eq. (2.6)). There is a local product formula, which involves 
the complex polarization of P. With this symbol calculus at hand, we 
compute & on S2. 
Our calculus is probably very closely related to that of Widom [Wi], but 
we were unable to apply his calculus directly to our problem. Everything 
that we do in the present paper can be done on any compact rank-one 
symmetric space; we have restricted our attention to S” for simplicity. 
The paper is organized as follows. In Sections 2-6 we construct the 
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symbol calculus. Section 7 is devoted to exploring the relationships between 
our construction and some recent work of Lebeau [L] and Guillemin [G3]. 
Finally, in Sections 8 and 9 we compute a few band invariants. 
2. THE ABSTRACT CONSTRUCTION 
In this section we present he abstract constructions leading to our symbol 
calculus. Let G be a compact Lie group, and suppose we are given a family 
of unitary irreducible representations, 
PA : G + I’, 
where A EA. Let A = {A,} be a family of linear maps, 
A,: v*- VA, 
and suppose we are given a fixed homogeneous G-space, X, together with G- 
equivariant embeddings 
x+ v* 
x+v;. 
(2.1) 
Assume furthermore that ]I v;” II= 1 for all x E X and 1 E V. 
2.1 DEFINITION. The covariant symbol of the family A with respect o 
(2.1) is the function 
a,:XXA+C 
given by 
~/J-G 1) = @,(v;\), v$>. (2.2) 
The terminology is due to Berezin, see [B 11. The next two lemmas 
describe the fundamental properties of a,. Let dp be the unique invariant 
measure on X such that 
1 &= 1. X 
2.2. LEMMA. The linear maps 
F,: V,+L*(X) 
V-f: 
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given by 
are G-equivariant embeddings. Furthermore, for every A E A and v E VA, 
u = (dim VA) 1 (v, v:) v$dp, X 
(2.3) 
and 
11412 = (dim 6) Ilf~l12~~x,~ (2.4) 
The proof follows easily from Schur’s lemma and standard arguments. 
Now let W, be the image of F,. To every operator A,, we associate the 
finite-rank operator 
SAA = 17,(F,A,&‘) fl,, 
where nA is the orthogonal projection 
n,:L*(x)’ WA. 
2.3. LEMMA. The Schwartz kernel of SAA is the function 
(x,Y)+ (dim V,J <A,@~), v$>. (2.5) 
The proof is an easy consequence of (2.3); see [Bl]. 
It follows that, for every A E A, the function (dim V,) a,(., I) is the 
restriction to the diagonal of the Schwartz kernel of S,,. It also follows that 
the trace of A, is 
T44.d = (dim VA)j CJ~(X, 1) &, (2.6) 
X 
and the formula for the covariant symbol of a composition is 
oa .&, A> = (dim V,J(, (A,@:), v~)(B,(v~), 0:) dp,. (2.7) 
In the case we are interested in, G = SO(n + l), X is the unit cosphere 
bundle of S” and A is the set of positive integers. We will consider the 
previous formulas as ,A = k tends to infinity. Then, asymptotically, formula 
(2.7) will express uA .B in terms of uB and era, see Section 6. 
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3. COHERENT STATES 
Although the construction of our symbol calculus can be carried out 
abstractly on any compact rank-one symmetric space, for simplicity we will 
restrict our attention to the n-sphere and we will make use of the embedding, 
S” c IR”+ ‘. Thus 
S”= {XE R”+l IIIxII= l}. 
Let Z c T*S” be the unit cosphere bundle. Under the isomorphism, 
T*S” N TS”, given by the Riemannian metric, we can identify Z with the set 
ZN{ZE6”+1~z*=0,~z~2=2}. (3.1) 
More precisely, if z = x + iy, x, y E iR *, z belongs to the set (3.1) if and only 
iflixll=l=IIyllandx.Y=O.WethenthinkofxasapointonS”andyas 
an element of T,S” of length one. 
Every z E Z defines a. complex-valued function, 4,) on S”, by the formula 
$lqS) = s * z = s * x + is . y. (3.2) 
It is not hard to see that, for every non-negative integer k and every z E Z, 
$1 is a kth-order spherical harmonic. Let 
ck = II !%&, (3.3) 
and consider the mappings 
(3.4) 
where V, denotes the space of kth-order spherical harmonics. It is clear that 
the above construction is SO(n + 1)invariant. Hence (3.4) is equivariant 
and we are in the situation of Section 2. 
The fact that G acts transitively on Z reflects the fact that the rank of S” 
is one. Furthermore, for a given k, the functions 
are the highest weight vectors of the representation of G = SO(n + 1) in V, 
corresponding to all possible choices of Cartan subgroups of G. This is how 
the above construction can be done abstractly for any compact rank-one 
symmetric space. 
For every z E Z, the functions 4: concentrate, as k T co, near the geodesic 
yL through z. In fact, the L2-closure of the set 
(4; I k = 0, 1, 2,...} 
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is the space of quasimodes associated with y,; see [Gl). We will return to 
the microlocal version of these statements in Section 4. 
Let us now study how the functions 4, transform under geodesic flow. Let 
= be the restriction to Z of the Hamiltonian vector field associated with the 
Riemannian norm function on T*S” - {O]. The trajectories of --, when 
projected onto S”, are the geodesics parametrized by arc length. Thus E is 
the infinitesimal generator of an Si-action on Z. Under the identification 
(3.1), exp t = corresponds to multiplication by e-“, and hence 
$cexp t Ejczj = e-“h. (3.5) 
Thus, quantum mechanically, 4: and #&,, I+cZ) represent the same state. Let 
us now introduce the quotient space, 
a = z/s’. (3.6) 
This is a 2(n - 1)-dimensional symplectic manifold; it is the Marsden- 
Weinstein reduced space of Z. Its points parametrize the quantum states 
represented by the functions 4: for a given k, and this is the space where our 
symbols will “live.” As we will see in Section 5, B can be identified with a 
co-adjoint orbit of SO(n + 1). 
For n = 2, the above construction has been known to the specialists in 
quantum optics for a long time, under the name of “Bloch coherent states.” 
See [RI, for example. 
4. SYMBOLS OF CERTAIN !PDO 
We begin by introducing some notations. Let A denote the Laplace- 
Beltrami operator on S”, and let g be the C*-algebra of the classical 
pseudodifferential operators (!PDO) on S” which commute with A. Thus, a 
!PDO P on S” is in $ZY if and only if 
for every k. 
According to Definition 2.1, the covariant symbol of P (with respect to 
(3.4)) is the function on Z x L + given by 
where the bracket denotes the L2-inner product on S”. However, it follows 
from (3.5) that (4.1) remains constant as z moves along an integral curve of 
E. Hence, it is more natural to think of (4.1) as a function on 0 X Z +. 
SEO/S9/3-IO 
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4.1. DEFINITION. By the total symbol of P E Q we will mean the 
complex-valued function, u, on d x Z +, such that 
da, k) = c:(w3 07 (4.2) 
where z E 2 is any point in the fibre over a of the natural projection 
We will now investigate the behavior of this symbol as k T co. 
4.2. THEOREM. Let P E 59 be of order m, and let o be its total symbol. 
Then, as k r 00, o admits an asymptotic expansion of the form 
(~(a, k) N g k”%,-,(a), 
I=0 
(4.3) 
where aj E C*(0) for all j, asymptotics in the C”-topology. Furthermore, 
x*a, is the restriction to Z of the usual principal symbol of P. 
Proof. This theorem is really Proposition 7.6 of [Gl 1. Let us briefly 
recall some facts proved in op. cit. Given a point z E Z, consider the 
geodesic embedding 
j: s1 --t s” 
given by j(0) = p[ (exp 8 S)(Z)], where 
p: Z-S” 
is the contangent ibration. Let 
j, : T*S’ + T*S” (4.4) 
be the differential of j conjugated by the metric isomorphisms, TS’ N T*S’, 
TS” N T*S”. The map j, is symplectic. Furthermore, the operator 
u, : CW(S’) -+ P(S”) 
defined by 
U,(eike) = o 
! 
4 if k>O 
if k<O 
is a Fourier integral operator of Hermite type associated with the mapping 
(4.4). 
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Let W, be the L*-closure of the set 141, k E Z + }, and let Z7, be the 
orthogonal projection onto W,. It is proved in [Gl] that given any !PDO, P, 
on S”, there is a !PDO, P,, on S’, of the same order as P and such that 
(nzP17J u, = U,P,. (4.5) 
It is easy to see that (4.5) implies that 
c:(p(d9, $9 = + P,(eike), eiko)LZ(S1). (4.6) 
If P E ?Z’, then P, has constant coefficients and the right-hand side of (4.6) is 
the symbol of P,. The existence of the asymptotic expansion (4.3) follows at 
once. Furthermore, the principal symbol of P, is j,*a,, where o0 is the usual 
principal symbol of P. This implies that 
as desired. 
On the other hand, by using local coordinates on S” and a partition of 
unity, we can express the left-hand side of (4.6) as a sum of integrals of the 
form 
Then, (4.3) can also be obtained by the method of stationary phase. It 
follows from this description that the asymptotics (4.3) are in the C”- 
topology. Q.E.D. 
For example, the symbol of the Laplacian is 
~,(a, k) = A, 
(independent of a), where A, is the kth eigenvalue of A. In the next section 
we will compute two less trivial examples. 
Let us now consider the question of how the numbers (4.1) behave when P 
is a !PDO which does not commute with the Laplacian. Let A be the 
operator on S” whose restriction to V, is “multiplication by k.” The operator 
A is in the class @7; it is elliptic, self-adjoint and of order one (see [G2]). 
Given any !PDO, P, on S” define 
2n 
eitApe - itA dt. 
0 
(4.7) 
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It follows from Egorov’s theorem that P”” is a !PDO of the same order as P, 
and its principal symbol is the principal symbol of P averaged with respect 
to geodesic flow. Furthermore, it is easy to verify that [PO”, A] = 0 (and thus 
Pa’ E 59), and that 
Hence, the right-hand side of (4.1) always has an asymptotic expansion like 
(4.3) when k T co, but the resulting symbol really contains information about 
Pa”. not about P. 
5. SOME EXAMPLES 
In this section we compute the symbols of two kinds of operators in e. 
The first example is the infinitesimal rotations; the second is relevant to the 
study of the spectrum of the Schrodinger operator. 
A. Infmitesimal rotations. Let g = so(n + 1) be the Lie algebra of 
G = SO(n + 1). Every element, r E g, gives rise to a vector field, l”, on S”. 
Denote by D, the differential operator 
As is well known, the operators {D,, l E g} generate the ring of differential 
operators which commute with A. 
To describe the symbol of D,, we identify 0 with a co-adjoint orbit of G, 
as follows. The natural action of G on S” lifts to an action of G on 
X= T*S” - {O}. As is well known, the lifted action is Hamiltonian. Let 
Qb:x-tg* 
be the corresponding moment mapping. (See, for instance, [GS 1 ] for 
definitions.) It is not hard to show that the fibers of the map @ 1 Z are 
precisely the trajectories of =. Thus, B may be identified with @J(Z). 
Furthermore, the mapping @ intertwines the G-action on X and the co- 
adjoint action on g*, and since G acts transitively on Z, 0 is necessarily a 
single-co-adjoint orbit. In fact, under the identifications 
g* N g N anti-symmetric (n + 1) x (n + 1) matrices, the first of which is 
given by the Killing form, B is the co-adjoint orbit through the point 
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i--N 0 
0 
A 
a, = 1 * 
0 ***O-l 0 
(5.1) 
5.1. PROPOSITION. Identifying d with a co-adjoint orbit of G, as above, 
the symbol of D, is 
a,@, k) = k(a, 6, (5.2) 
where ( , ) denotes the natural pairing between g* and g. 
Proof Let a E B and z E Z be such that Z(Z) = a. Consider the linear 
map on g given by 
We must prove that this is simply ka. 
Without loss of generality, assume that a = a, (see 5.1); the general case 
follows from this by G-equivariance of (5.2). It follows that we can choose 
z = z1 = (0 ,..., 0, 1) + i(0 ,..., 1, 0). 
Let h c g consist of those matrices with zero entries above the supra- 
diagonal. Then h is a Cartan subalgebra of g, and ka, E h* is the highest 
weight of the representation of G in I’,. Furthermore, the corresponding 
highest weight vector is c,&,. That is, for all < E h 
It follows that the restriction of (5.3) to h coincides with ka,. Therefore, we 
only need to show that (5.3) vanishes on 9’. Let 
sc=bc+C 9n 
I 
be the root space decomposition of the complexification of g. If r E g and 
reg..%., we have 
(DlD,4~9 4:) = k(a,, C>(D,#~,, 4% 
by (5.4), which is also equal to 
(D,Wt, 3 $:,h 
544 ALEJANDRO URIBE 
again by (5.4). Hence, for all r E h, 
4NQc,~ 41,) = 0. 
Thus (D,#r,, I#:,) = 0, as desired. Q.E.D. 
B. Averaged multilication operators. Let q E P(S”), and let M, be the 
operator “multiplication by q.” Let 
s, = (WJY 
see (4.7) for the notation. S, is the operator whose restriction to V, is Mq 
followed by the orthogonal projection onto V,. 
To compute the symbol of S,, introduce the generalized Radon transform, 
9: P(S”) + Cm(@), 
defined as follows. Consider the double fibration 
where p is the contangent fibration. Then 
5.2. PROPOSITION. Let h(x) E U4[x], j= 1,2,..., be the polynomials 
defined recursively by 
f,(x)=-fx 
(5.5) 
-(j+ l)fj+,(x>= 
( 
++j”:“’ 
) 
f;(x)+‘~~:f;-,(xb 
r= 1 
where 
A;=(;:;)+~(ril). 
Then the asymptotic expansion of the symbol of S, is 
s’(q) + z ~[.&4(q)l k-j. j=l 
SYMBOLCALCULUSONS" AND BANDASYMPTOTICS 545 
Proof. Let h, = c: l@r,l’. We must investigate the asymptotic behavior of 
the integral 
which is the value of the symbol of S, at (a,, k). We know that Z,(q) 
converges to 9(q)(a,). To obtain the full asymptotic expansion we will 
integrate by parts. 
5.3. LEMMA. ,4(/z,) = J,,(h, - h,-,), where 1, = Z(1+ n - 1) is the Ith 
eigenvalue of A. 
We will sketch the proof very briefly. Let Z,(q) - CEO y/(q) k-‘. It is not 
hard to see that the asymptotic expansion of AZk(lk - I,- ,), as k T co, is 
+2(n-l)~y,,,-,jI)]k-‘. 
r=1 
Lemma 5.3 implies that this is also the asymptotic expansion of Z,(Aq). 
Proposition 5.2 follows easily from these facts. 
Lemma 5.3 is a consequence of the identity 
414z,12k) = A*, Ik112k - 4k2 Ih,12(k-‘), (5.6) 
which is proved by direct computation. Integrating this expression we obtain 
Lemma 5.3 follows easily from these facts. 
6. ON THE PRODUCT FORMULA 
Let Cm(@)[ [k-‘I] be the ring of formal power series in the indeterminate 
k-’ with coefficients in P(O). Consider the C-bilinear map 
P’(8) x Cm(@) + P(@)[ [k-l]] 
(h,g)+hOg=hg+ 2 L+(h,g)k-’ 
(6.1) 
j=l 
defined as follows. For every h E Cm(@), choose once and for all an 
operator, P, E %Y, such that 
up,,(., k) = h mod(kea). (6.2) 
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It is clear from Theorem 4.2 that such operators exist and are characterized 
by (6.2) modulo smoothing operators. Then we define h @g to be the 
asymptotic expansion of the total symbol of P, o Pg. 
The operators Dj turn out to be bilinear invariant bidifferential operators 
on @. In this section we describe how these operators are constructed 
geometrically, and compute them explicitly in the case IZ = 2. 
The operators Dj are closely related to certain invariant differential 
operators, Ej, on b, which we will now describe. Given a E @‘, let z, be 
some point in 2 on the fibre over a. Consider the real-valued function, k, on 
d x d given by 
qa, P> = I 4(za 9 z$, (6.3) 
where the brackets stand for the usual Hermitian product on Cnt ‘. Note 
that, by (3.9, the right-hand side of (6.3) is independent of the choice of z,, 
zq. The function, &, is clearly G-invariant with respect to the product action 
of G = SO(n + 1) on d x b. Furthermore, I satisfies 
and &(a,@= 1 ~a=/?. 
For every positive integer k, let 
B,: C-O”(@) + P(P) 
be the smoothing operator whose Schwartz kernel is (dim V,) Ck, i.e., 
where dv is the unique G-invariant measure with total mass equal to one. 
6.1. PROPOSITION. There exist invariant dijferential operators Ej, 
j = 1, 2,..., such that for all h E Cm(@) 
‘k(h) - h + g Ej(h) k-j, 
j=I 
(6.6) 
as k T co, uniformly on 8. 
Before proving this result, let us finish the description of the operators Dj. 
Thinking of d as a co-adjoint orbit of G, it inherits the structure of a Kahler 
manifold. Let b- denote the manifold B with the antiholomorphic complex 
structure, and let i: 0 + d x 0- be the diagonal embedding. We will 
identify F” and Im i, via i, as real analytic manifolds. Given a function 
h E Cm(@), let K be an almost analytic extension of h to d x d -. 
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6.2. PROPOSITION. For every h, g E P(O), 
Dj(h9 g)(a) =Ej(6(aY *) i(‘> a))(a>* 
We now prove Proposition 6.1. Fix a E 0, h E Coo(@) and consider 
(6.7) 
(6.8) 
We can also write this as 
I ekTc5)h(/?) dv,, 
with r(J) = log(ll(a, /I)). F rom this expression, (6.4) and [El, it follows that, 
askTa, 
Bk(h)(a)-cO h(a) k'-" + 5 c,(h) k'-"-j. (6.9) 
j=l 
If h vanishes in a neighborhood of a, it is clear that (6.8) is exponentially 
decreasing in k; thus the coefficients cj, which are distributions in h, have 
support in {a}. This proves that there exist differential operators, gj, such 
that 
l?,(h) w cOhklpn + $ Ejk’-“-! 
j=l 
(6.10) 
To prove that the normalization in (6.5) indeed yields (6.6), we need the 
following 
6.3. LEMMA. For every z, w E Z and k E 12 ‘, 
c:<e, 9% = (f(z, 4)” (6.12) 
and hence 
c: I($$> &x = ~“W>Y 74w)>. (6.13) 
Before proving (6.3), let us see how (6.6) follows from (6.13). Choose 
z, E Z above a, and for every k consider the operator Vk -+ V, which is the 
ortogonal projection onto C@,=. Computing the trace of such operators using 
(2.6) we obtain 
548 
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(dim V,JjO bk(o, 8) du, = 1, 
for all k, i.e., B,(l) = 1. This shows that the normalization in (6.6) is correct. 
We now prove Lemma 6.3. We first show that (6.12) holds for k = 1, as 
follows. Extend the definition of 4, to all z E C”+’ by formula (3.2). Clearly, 
the mapping 
is a Hermitian inner product on C”’ ’ which is the complexification of its 
restriction to R”+ ‘. Such a restriction is a positive-definite inner-product on 
Rn+’ which is clearly SO(n + 1)-invariant. Thus, it must be a multiple of the 
Euclidean inner product, and so there is a constant C such that 
for all Z,WE C’+l. To verify the normalizations in (6.12), simply take 
z = w. 
Next we prove that, for every k, there is a constant A, such that 
This follows from group-theoretic arguments. As we will see in detail in 
Section 7, for a fixed w E Z the map z j (&, &) can be identified with the 
highest weight vector #“, E V, itself. Then, (6.15) is simply saying that, after 
we have chosen a Cartan subalgebra nd an ordering of the roots, the tensor 
product of two highest weight vectors is again a highest weight vector. 
Equation (6.12) follows easily from (6.14) and (6.15). Thus Lemma 6.3 is 
proved. 
Let us now prove Proposition 6.2. According to Lemma 2.3, the value of 
the total symbol of P, . P, at (a, k) is 
Consider the function 
(6.16) 
(6.17) 
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For every k, Z(., a; k) is a meromorphic function @ x d- whose restriction 
to the diagonal is or course the symbol for P,. In terms of g,,, cg,, (6.16) can 
be written as 
B,(a”,(a, -; k) gK( -3 a; k)) (6.18) 
(see (6.5) and (6.13)). Proposition 6.2 now follows from Proposition 6.1. 
Q.E.D. 
The two-sphere. The case n = 2 is particularly simple, since then 
ct” N CIF’ and the only G-invariant differential operators on @ are 
polynomials in the Laplace-Beltrami operator. (If n > 2, p is a rank-two 
symmetric space; see [H, Chap. IX, 41.) Furthermore, it is not hard to see 
that, if n = 2, 
I(& w>l’ = [ 1 + (n(z), 71(w))K] *, (6.19) 
where ( , )K denotes the Killing inner product on g * 2: g, i.e., (a, p), = 
f Tr(c$‘). It follows that 
(6.20) 
If we identify g with IR3 in the usual way, d gets identified with S* and 
(6.20) implies that 
2 s(a,@= cos$ , ( 1 
where 6’ = Arccos(a, /?) is the angle between a and p. This agrees with the 
physicist’s calculations (see [R, Sect. 51). We are now able to compute the 
operators Ej. Although they were essentially known to Berezin (see [B2 
formula (5.9)]), we will give here an inductive formula: 
6.4. PROPOSITION. Let A(x) E Q[x] be the polynomials defined induc- 
tively by 
J(x)=-x 
(6.2 1) 
-(j+ l)Jj+,(x)= 
where C’, = (j,‘,:) + (,.I ,). Th en, in the case n = 2, the operators E, of 
Proposition 6.2 are 
Ej = $(A). 
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We have also denoted by A the Laplacian on 0; this should not cause any 
confusion, since, in fact, we are identifying d with S2 under the usual 
isornorphism SO(~) ‘v R3. To prove Proposition 6.4, let 
where z now denotes “the z-coordinate” in R3. Then, by (6.20), for every 
h E Coo(@) the value of B,(h) at the north pole is j”PhL2k dv. The basic 
identity that the L, satisfy is 
AL,=k(k+ l)[Lk-L&l], (6.22) 
which can be verified by an easy computation. The proof of Proposition 6.4 
is now a straightforward integration by parts using (6.22) and is analogous 
to the proof of Proposition 5.2. 
For future reference, we will discuss further the operators D, , D, : 
6.5. LEMMA. For all g, h E C”(P), (l/i) D,(g, h) is equal to the (1,0) 
component of the Hamiltonian vector field associated with g applied to h. 
Furthermore, 
D,(h, h) = f IjVhl(‘. 
ProoJ Since D, is the bidifferential operator associated with -+A 
according to (6.7), the two identities to be proved only involve the metric 
components and its first derivatives. Hence, it is enough to prove them for 
@‘; this is an easy computation left to the reader. 
By projecting stereographically from the south pole onto the equatorial 
plane, we can define a complex coordinate, w, on d. In terms of this coor- 
dinate, A = -v2(a2/8w S), where 
v= 1+ lwl2. 
Since E, = 4 (A* + 2A), a straightforward computation gives 
ag a2h a2g ah 
Gaws+w-- ad a* I 
(6.24) 
It is an interesting fact that the complex polarization of fl enters in the 
product formula. In any dimension, Dj differentiates its first argument in the 
(1,0) direction and the second in the (0, 1) direction. 
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7. TOEPLITZ OPERATORS 
In this section we relate the fundamental construction of Sections 2 and 3 
to some recent work by Lebeau [L] and Guillemin [G3]. As we will see, the 
functions 4: are in the fact setting up a correspondence between the ring g 
and a certain ring of Toeplitz operators on Z. 
We can think of Z as the boundary of the complex domain 
This is a strictly pseudoconvex domain in the complex cone {z’ = 0). Let 
I%” c L*(Z) be the corresponding Hardy space of Z. Thus, R is the 
L’closure of the boundary values of smooth functions on 9 which are 
holomorphic in the interior of 8. The circle group action on Z 
corresponding to geodesic flow clearly extends to a biholomorphic action on 
9. Hence, S’ acts on 3; it does so according to the formula 
(eief)(z) =f(e”z). 
Let R = @JkeH W, be the decomposition of 2 into irreducible S’-modules. 
Specifically, let W, be the space offE (9Y such that 
I = ikS, (7.1) 
where = is the infinitesimal generator of the S’-action on Z. It is clear that 
W, = (0) whenever k < 0. 
7.1. PROPOSITION. For every integer k > 0, the linear mapping 
(7.2) 
is SO(n + I)-equivariant and bijective. 
ProoJ: See [L, Proposition 5.11. 
In fact, Lebeau proves much more. The distribution, S E 4n’(Z X X), 
qz, x) = 7 c,g;(x) 
k=O 
is the Schwartz kernel of an operator 
s: Cm(Sn)+ P(z)nz 
which maps Vk bijectively onto Wk. Lebeau proves that S is a Fourier 
integral opeator with complex phase. The inverse of S is, modulo an elliptic 
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operator which is a constant on every Vk, given by integration along the 
fibers of the cotangent fibration (see [G3, Sect. 61). Furthermore, it 
intertwines yI)O on S” and Toeplitz operators on Z. 
There is another, equivalent, description of the C-R structure of Z, 
which ties our construction with geometric quantization. Let E + d be the 
homogeneous Hermitian bundle associated with the 5” fibration Z -+ 8. E is 
a holomorphic line bundle, and Z is the boundary of the unit disc bundle, 
which is a strictly pseudoconvex domain. Furthermore, according to the 
Borel-Weil-Bott theorem, the representation of G = SO(n + 1) on V, is 
isomorphic to the representation of G on Ho(E), the space of holomorphic 
sections of E. More generally, V, and H”(@ E) are isomorphic as G- 
modules. We will now construct those isomorphisms. First we remark that 
there is a natural isomorphism, 
(7.3) 
given by pulling-back the bundle Ok E to E - {O}. As is well known, the 
resulting bundle is canonically trivial. Under the pull-back operation, smooth 
sections of Ok E can be identified with those smooth functions on Z which 
satisfy (7.1). By standard arguments, the pull-back of a holomorphic section 
of Ok E can be extended to all of E; hence its restriction to Z lies in Wk. 
This describes (7.3); G-equivariance is obvious. Now compose this 
isomorphism with the operator of integration along the fibers of the 
cotangent ibration, Z+ S”. As mentioned, this operator is essentially the 
inverse of maps (7.2). Thus we obtain a linear, non-unitary, G-isomorphism 
H(Bk E) E V,. Proposition 7.1 and 7.2 imply the crucial identity (6.15). 
8. THE BAND INVARIANTS 
We now turn to the problem of computing the band invariants alluded to 
in the Introduction. Let Q be a self-adjoint classical zeroth-order yI)O on 
S” which commutes with the Laplacian, and let (T(GL, k) be its symbol 
(Definition 4.1). Since [d, Q] = 0, for every k, Q maps Vk into itself. 
Furthermore, by (2.6), 
Tr(Q 1 V,) = (dim Vk)jp ~(a, k) dv,. 
Let ~(a, k) - CEO gl(a) k-’ be the asymptotic expansion of the symbol of 
Q. Then, 
(dim V,)-’ Tr(Q ] Vk) - 2 (1 g,(a) dv,) k-‘. 
I=0 6 
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Given a smooth function, f, on R we can form the operator f(Q) by the 
spectral theorem. As is well known, f(Q) is again a classical !PDO, and so 
by repeating the arguments in the last paragraph, there are constants 
P!(f) E R such that 
(dim he’ 'Wf(Q) I 5) - f Nf> k-'. I=0 (8.1) 
It is not hard to see that B, is a compactly supported istribution on the line 
of order bounded by 21 (see [GS2]); in fact we believe that the order of /II is 
less than or equal to 1. 
8.1. DEFINITION. The distributions p, are called the band invariants of 
Q. 
Note that our normalization of the /Its is different from those of [WI, 
iG21. 
To compute the p,‘s, let us look at its Fourier transforms, 
BIW = P,(e”), 1 = 0, 1) 2 )... . 
To compute these, we must get hold of the total symbol of V(t) = eifQ. 
8.2. LEMMA. Let 
ovcfj(a, k) - f a&a, t) k-j. 
j=O 
Then a,(a, t) = eitgo, and, for j > 1, aj is the solution to the problem 
dj = igoaj t Fj 
aj If=0 = O, 
(8.2) 
(8.3) 
where 
j-l j-r 
Fj= i C C D,( gj-,-,, a,)- 
i-=0 l=O 
ProojI First of all, notice that by a theorem of Seeley [S] V(t) is, for 
every t, a zeroth-order !?‘DO, so that (8.2) makes sense. Then, (8.3) is the 
symbolic version of the identities 
v(t) = iQV(t) 
V(0) = I. 
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It is easy to prove inductively that the solution to (8.3) has the form 
aj(a, t) = eifgobj(a, t), (8.4) 
where bj is a polynomial in t of degree 2j. 
For simplicity of notation, let g = g,. It has been known for some time 
that /3, = g*( g dv). In dimension two we have: 
8.3. THEOREM. Let d/dt denote differentiation on R, and take n = 2. 
Then, 
PI=-$g* g, + ad(g) 1 1 dv 
and 
(8.6) 
where r E C” (c”) is equal to 
Recall that the operator D, is given in stereographic coordinates by 
Eq. (6.24). 
The proof is a very long computation starting with Eqs. (8.3) and using 
repeatedly Lemma 6.5 and Eq (6.24). The order of pi, /I, is lowered to 1, 2, 
respectively, by suitable integrations by parts. The details will be omitted. 
9. THE SCHR~DINGER OPERATOR 
Let q E Coo(S”). In order to define the band invariants of A t q, one 
makes use of the following result: there is an invertible, zeroth-order unitary 
!PDO, F, and a zeroth-order Q E 9Y such that 
F(A+q)F-‘=AtQ. (9.1) 
This is Lemma 1 in [G2]; the proof is an application of the so-called 
averaging method. The band invariants of Q are clearly spectral invariants of 
A + q. We will call them the band invariants of q. In order to be able to 
apply Theorem 8.2, we need to compute the first few terms in the asymptotic 
expansion of the symbol of Q. 
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Let us introduce some notation. Let X = T*S” - {0}, denote by 
HE C”(X) the Riemannian norm function and let = be the Hamiltonian 
vector field on X associated with H. For every function, GE V’(X), define 
Gnu = $1’” (exp t E)* G dt 
0 
and 
r(G) = $j2, dtj’ (exp s =)*G ds. 
0 0 
We denote by { , } the Poisson bracket on X. 
The following is taken from [Ul]; a proof will appear in [U2]. 
9.1. PROPOSITION. The operator, Q, of (9.1) can be chosen to that it has 
the form 
Q=S,+R, 
where R is a !FDO of order (-2) whose classical principal symbol, restricted 
to Z, equals 
1 2n 
I I 
dt ‘{(exptr)*q,(exps=)*qjds. 
8710 o 
(9.2) 
9.2. COROLLARY. Let uo - Czog,kp’, where Q is the operator of 
Proposition 9.1. Then 
(4 go = ,Wq), 
(b) g, = --$WW 
(c) g2=&iS?[(d2+2(n+l)d)q]+h, 
where h is the function on B whose pull-back to Z is (9.2). 
This follows easily from Proposition 5.2 and Proposition 9.1. 
Corollary 9.2 and Theorem 8.2 enable us to write /?, for the Schrodinger 
operator in dimension two. Notice that /I, vanishes, in agreement with [Cl. 
The expression for p2, several lines long, may possibly be simplified, at least 
when q is a spherical harmonic. 
580/59/3~ I I 
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